The covariate dependence in a higher order Markov models is examined. First order Markov models with covariate dependence are discussed and are generalized for higher order. A simple alternative is also proposed. The estimation procedure is discussed for higher order with a number of covariates. The proposed model takes into account the past transitions. Transitions are fitted and are tested in order to examine their influence on the most recent transitions. Applications are illustrated using maternal morbidity during pregnancy. The binary outcome at each visit during pregnancy is observed for each subject and then the covariate dependent Markov models are fitted. The results indicate that the proposed model can be employed for analyzing repeated observations conveniently.
Introduction
Markov chain models can be used in analyzing longitudinal data. There are several discrete time Markov chain models proposed for analyzing repeated categorical data over decades. A model for estimating odds ratio from a two state transition matrix was proposed by Regier (1968) . Prentice and Gloeckler (1978) proposed a grouped data version of the proportional hazards regression model for estimating computationally feasible estimators of the relative risk function. Korn and Whittemore (1979) proposed a model to incorporate role of previous state as a covariate to analyze the probability of occupying the current state.
To analyze the binary sequence of presence or absence of diseases, Muenz and Rubinstein (1985) introduced a discrete time Markov chain for expressing the transition probabilities in terms of covariates. The technique proposed by them is applicable for first order Markov model but they provided hints that the approach can be extended for secondorder Markov chains. For analyzing sequences Email Professor M.
A. Islam at: mataharul@yahoo.com. Email R. I. Chowdhury, M.Sc., at: rafiq@hsc.edu.kw. Email Professor and Chair, K. P. Singh at ksingh@hsc.unt.edu. of ordinal data from relapsing and remitting of a disease, Albert (1994) developed a finite Markov chain model. In addition, Albert and Waclawiw (1998) developed a class of quasilikelihood models for a two state Markov chain with stationary transition probabilities for heterogeneous transitional data. Raftery (1985) , Raftery and Tavare (1994) proposed a higher order Markov chain model with dependence on contribution of the past transitions. Islam and Chowdhury (2006) presented a higher order version of the covariate dependent Markov model.
For analyzing repeated observations, there is a renewed interest in the development of multivariate models based on Markov chains. These models can be employed for analyzing data generated from meteorology, epidemiology and survival analysis, reliability, econometric analysis, biological concerns, etc. Muenz and Rubinstein (1985) employed logistic regression models to analyze the transition probabilities from one state to another. The estimation for first-order Markov models is quite straight forward, but still there is serious lack of generalization in estimation and testing for models applicability for higher order Markov chains. Islam and Chowdhury (2006) provided a further generalization for covariate dependent higher order models. This paper makes an attempt to present a simplified version of the covariate dependent higher order Markov models.
A parallel stream of development is observed in analyzing transition models with serial dependence of the first or higher orders on the basis of the marginal mean regression structure models. Azzalini (1994) introduced a stochastic model, more specifically, first order Markov model, to examine the influence of time-dependent covariates on the marginal distribution of the of the binary outcome variables in serially correlated binary data. Markov chains are expressed in transitional form rather than marginally and the solutions are obtained such that covariates relate only to the mean value of the process, independent of association parameters. Following Azzalini (1994) , Heagerty and Zeger (2000) presented a class of marginalized transition models (MTM) and Heagerty (2002) proposed a class of generalized MTMs to allow serial dependence of first or higher order. These models are computationally tedious and the form of serial dependence is quite restricted. If the regression parameters are strongly influenced by inaccurate modeling for serial correlation then the MTMs can result in misleading conclusions. Heagerty (2002) provided derivatives for score and information computations.
Transition models are used here for Markov chain regression for binary responses proposed by Diggle et al. (2002) . This type of models takes into account the potential impact of explanatory variables depending on the order of the underlying Markov model. This class of models has the flexibility to address a wide range of possible situations, ranging from only main effects to main effects and all possible interactions that emerge from different past transitions of the underlying Markov model. Some hypothesized situations are considered with main effects and some potential interactions emerging from past transitions of the process. In addition, a simple alternative is suggested to test for the order of Markov model. Covariate Dependent Higher Order Model
As the first serious attempt to analyze covariate dependence of transition probabilities in a Markov model was proposed by Muenz and Rubinstein (1985) , a brief review of the model provides a useful background for the proposed model for higher order.
Consider a two-state Markov chain for a discrete time binary sequence as follows: Following the outline of Diggle et al. (2002) ( 1
The likelihood function is given by In the previous model, the number of parameters increases exponentially with an increase in the order of the dependence, although, the proposed model provides more detailed information for each transition type. Another major limitation of such model is that it requires a large sample size to ensure adequate transitions for each transition type. To address such problems, a simple model is proposed in this section. In the model, the transition probability takes into account selected covariates and previous transitions are also incorporated as covariates for a k -order Markov model. The model is as follows:
Testing for the Significance of Parameters
The following vector shows the 1992 to December 1993. The data were collected using both cross-sectional and prospective study designs. The study is based on the data from the prospective component of the survey. A multistage sampling design was used for collecting the data for this study. Districts were selected randomly in the first stage, one district from each Division. Then, Thanas were selected randomly in the second stage, one Thana from each of the selected Districts. A Thana is comprised of several Unions, while Union is the smallest administrative geographical unit in Bangladesh. At the third stage, two Unions were selected randomly from each selected Thana. The subjects comprised of pregnant women with less than 6 months in the selected Unions. The pregnant women from the selected Unions were followed on regular basis (roughly at an interval of one month) throughout the pregnancy. During the follow-up visits, pregnancy complications were recorded.
A total of 1020 pregnant women were interviewed in the follow-up component of the study. The survey collected information on socio-economic and demographic characteristics, pregnancy related care and practice, morbidity during the period of followup as well as in the past, information concerning complications at the time of delivery and during the post partum period. For the purpose of this study, 993 pregnant women were selected, with at least one antenatal follow-up. Table 1 shows the number of respondents at different follow-up visits during antenatal period. At the first follow-up 992 respondents were recorded (out of 993 respondents one was missing at the first follow-up but reported subsequently). The number dropped to 917 at the second follow-up and the rate of dropout increased sharply at subsequent follow-ups. The number of respondents observed at the third and the fourth follow-ups were 771 and 594, respectively. The following pregnancy complications are considered under the complications in this study: hemorrhage, edema, excessive vomiting, fits/convulsion. If one or more of these complications occurred to the respondents, they were considered as having complications.
The explanatory variables are: pregnancies prior to the index pregnancy (yes, no), education of respondent (no schooling, some schooling), economic status (low, high), age at marriage (less than 15 years, 15 years or more), involved with gainful employment (no, yes), index pregnancy was wanted or not (no, yes). The number of transitions for the first, second, and third order Markov chains are displayed in Table 2 . The estimates of parameters of covariate dependent Markov models are presented in Table 3 .
Two variables, economic status and whether the pregnancy was wanted, show significant association with transition from no complication in previous visit to complication in current visit during pregnancy (transition type 0 1 → ). If the respondent has economically better status, she is expected to experience higher transition to pregnancy complications. On the other hand, if the index pregnancy is wanted, as compared to that of unwanted pregnancy, there is a decreased risk of transition to pregnancy complications during the current visit.
If the previous outcome was complication, three variables influence to the transition to the same status at the time of current visit during pregnancy (transition type 1 1 → ) which are whether the index pregnancy was wanted or not, gainful employment, and education. The desired pregnancies appear to have higher risk of pregnancy complications in consecutive follow-up visits. In other words, undesired pregnancies seem to result in higher risk of transition to complications but risk of complications at consecutive follow-up visits appears to be higher for desired pregnancies. The respondents who are involved with gainful employment have higher risk of transition to complication in consecutive visits during pregnancy but respondents with some education have reduced risk of continued complications in consecutive visits.
The second order model shows that there is a lower risk for desired pregnancies to make transition to the state of complications at current visit after two consecutive no complications status prior to the current visit The global chi-square and likelihood ratio tests show good fit for all the first, second and third order models. Hence, in order to find the best selection, we have employed the AIC and the BIC procedures. The AIC and the BIC results indicate that the third order models provide the best fit as compared to the first and second order models.
The number of parameters increases geometrically with an increase in the order of Markov model. Hence, a simple alternative is employed to the same data. Table 4 presents the results for the simple model as an alternative to the hierarchical model for the higher order Markov chain. For the second order model, first order outcome is considered as a covariate. Similarly, for the third order model, first and second order outcomes are included as covariates in order to examine the impact of previous outcomes on the subsequent outcomes. In the first model, economic status, wanted pregnancy, age at marriage and education appear to be significantly associated with pregnancy complications. The first order outcome, 1 s , is included as a covariate for the second order model and confirms that first order outcome exerts a positive influence on the second order outcome. Similarly, first and second order outcomes are also associated positively with the outcome for the third order. Hence, in these models, third order Markov model is expected to fit better. Economic status, gainful employment and occurrence of the complications at previous two follow-ups all are positively associated with current complications. This finding confirms the conclusion based on the results presented in Table 3 . In other words, the simple model can be employed confidently if the detailed impact of covariates on the response variable is not needed for each transition type separately for policy purposes.
Conclusion
In this article, the fitting of higher order covariate dependent Markov model is illustrated.
The method shown here is based on a suggestion provided by Diggle et al. (2002) . The inference procedure is described for any higher order Markov model and the proposed method can be employed conveniently to identify the risk factors having significant impact on the repeated binary outcomes of interest at different time points. The proposed technique has been applied to a set of maternal morbidity data and the pregnancy complications at follow-up observations during pregnancy are analyzed. Some selected covariates are used to examine whether the transition probabilities for pregnancy complications at consecutive visits during pregnancy depend on the covariates. A simple alternative is also examined.
If the factors affecting different types of transitions depending on past transitions are not of much interest then we can use the simple alternative. However, the proposed model provides a detailed analysis of the factors affecting transitions of first or higher order Markov models. The detailed analysis may be considered to have useful interpretations for policymakers. On the other hand, the number of parameters in the simple model does not increase geometrically unlike the proposed model. 
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